In this paper, the solution of Cauchy reaction-diffusion problem is presented by means of variational iteration method. Reactiondiffusion equations have special importance in engineering and sciences and constitute a good model for many systems in various fields. Application of variational iteration technique to this problem shows the rapid convergence of the sequence constructed by this method to the exact solution. Moreover, this technique does not require any discretization, linearization or small perturbations and therefore it reduces significantly the numerical computations.
Introduction
By a reaction-diffusion we mean an equation of the following form:
t).
The term u is diffusion term and f (u, ∇u; x, t) is the reaction term. More generally the diffusion term may be of type A(u), where A is a second-order elliptic operator, which may be nonlinear and degenerate. In this paper, we consider the one-dimensional reaction-diffusion equation ju jt (x, t) = D j 2 u jx 2 (x, t) + p(x, t)u(x, t), (1.1) where u is the concentration, p is the reaction parameter and D > 0 is the diffusion coefficient, subject to the initial or boundary conditions u(x, 0) = g(x), x ∈ R, (1.2) u(0, t) = f 0 (t), ju jx (0, t) = f 1 (t), t ∈ R.
(1.
3)
The problem given by Eqs. (1.1) and (1.2) is called the characteristic Cauchy problem in the domain = R × R + and the problem given by Eqs. (1.1) and (1.3) is called the non-characteristic problem in the domain = R + × R. In [24] , this equation is solved by Adomian decomposition method. For simplicity in illustrating the procedure of variational iteration method, we rewrite p(x, t) as p(x, t)=p 1 +p 2 (x, t), where p 1 
is the constant part of p(x, t) if there exists and p 2 (x, t) is the remainder part of p(x, t).
Reaction-diffusion equations describe a wide variety of nonlinear systems in physics, chemistry, ecology, biology and engineering [7, 8, 13, 28] .
This paper is organized in the following way:
The variational iteration method is introduced in Section 2. In Section 3 the described technique is applied on several test problems to show the efficiency of the proposed approach. Section 4 ends this work with a brief conclusion.
Variational iteration method
Variational iteration method (VIM) was first proposed by the Chinese mathematician He [14, 16, 19] . This method has been employed to solve a large variety of linear and nonlinear problems with approximations converging rapidly to accurate solutions.
This technique is used in [12] for solving nonlinear Jaulent-Miodek, coupled KdV and coupled MKdV equations. In [32] the applications of the present method to Shock-peakon and shock-compacton solutions for K(p, q) equation are provided. The variational iteration technique is employed to solve the nonlinear dispersive equation, a nonlinear partial differential equation which arise in the process of understanding the role of nonlinear dispersion and in the forming of structures like liquid drops and exhibits compactons [22] . Also this method is applied in [25] for solving two-point boundary value problems and in [30] for solving cubic nonlinear Schrödinger equation in one and two space variables.
Author of [33] employed VIM for determining rational solutions for the KdV, the K(2, 2), the Burgers, and the cubic Boussinesq equations. This technique is also employed in [9] to solve the Fokker-Planck equation. The linear and nonlinear cases are discussed in their work and several test examples are given to show the efficiency of this procedure. In 1998 [17] applied VIM to a fractional differential equation arising in seepage flow. Following the idea of the above reference, Draganescu [11] applied VIM to nonlinear oscillator with fractional damping and then [10] to nonlinear viscoelastic models with fractional derivatives. Odibat and Momani [27] applied the method to nonlinear differential equations of fractional order with great success, see [6, 26] . In [1] , VIM is studied for solving nonlinear fractional differential equation with Riemann-Liouvilles fractional derivatives. This approach is used to solve numerically the harmonic wave generation in a nonlinear, one-dimensional elastic half-space model subjected initially to a prescribed harmonic displacement [29] . This method is successfully and effectively applied to delay differential equations [15, 21] autonomous ordinary differential equations [20] , Blasius equation [18] , generalized Burgers-Huxley equation [5] , generalized Zakharov equation [23] , etc. The convergence of He's variational iteration method is investigated in [31] . Author of [2] employed VIM for solving the quadratic Riccati differential equation. In [34] VIM is compared with Adomian decomposition method.
It is shown in [4] that the application of VIM to a special kind of nonlinear differential equations leads to calculation of unneeded terms and more time consuming in repeated calculations for series solutions. A modified VIM is introduced to eliminate the shortcomings and in [3] the Padé technique was successfully linked with this modification.
The idea of VIM is constructing a correction functional by a general Lagrange multiplier. The multiplier in the functional should be chosen such that its correction solution is superior to its initial approximation (trial function) and is the best within the flexibility of trial function, accordingly we can identify the multiplier by variational theory. The initial approximation can be freely chosen with possible unknowns, which can be determined by imposing the boundary/initial conditions.
To illustrate the procedure of this approach, we consider the following general differential equation:
where L is a linear operator, N is a nonlinear operator and g(t) is an inhomogeneous term. According to the VIM, the terms of a sequence {u n } are constructed such that this sequence converges to the exact solution. u n s are calculated by a correction functional as follows:
where is the general Lagrange multiplier, which can be identified optimally via the variational theory, the subscript n denotes the nth approximation andũ n is considered as a restricted variation, i.e. ũ n = 0. For linear problems, the exact solution can be obtained by only one iteration step due to the fact that the Lagrange multiplier can be exactly identified.
In nonlinear problems, in order to determine the Lagrange multiplier in a simple manner, the nonlinear terms have to be considered as restricted variations. We apply this procedure to Eq. (1.1):
(a) regarding initial condition (1.2) and with respect to the variable t, (b) regarding boundary conditions (1.3) and with respect to the variable x.
The recursive formula (2.2) in the cases of (a) and (b) reduces to:
where n is respectively in the following forms:
By taking variation of (2.3) with respect to the independent variable u n and making the correction functional stationary, , the Lagrange multiplier, will be specified. Then starting with an initial approximation, we can identify the next approximations successively.
Test examples
In this section, we present some examples to show the efficiency of VIM for solving Eq. (1.1). Examples have been chosen so that their analytical solutions exist.
Example 1
Consider Eq. (1.1) with D = 1, p(x, t) = −1 + cos(x) − sin 2 (x) and the following initial and boundary conditions:
The exact solution of this problem is u(x, t) = 
Taking variation with respect to the independent variable u n and making the correction functional stationary, we obtain u n+1 (x, t) = 0, and therefore we have
This condition implies the following stationary conditions:
Therefore, the Lagrange multiplier can be readily identified as
As a result we have the variational iteration formula (3.4) where
We start with the initial approximation u 0 (x, t) = u(x, 0) = 1 10 e cos(x)−11 . By the iteration formula (3.4), we have
= − which is the exact solution. Now, we solve this example regarding boundary conditions (3.2) and (3.3) and with respect to the variable x. Using (2.3) and (2.5), we obtain u n+1 (x, t) = u n (x, t) + n (x, t), (3.6) where n is as follows:
By the same manipulation as in the previous part, the following stationary conditions are obtained:
and therefore we get
Consider u 0 (x, t) = a + bx, where a and b are unknown constants with respect to the variable x. By the recurrent formula (3.6), u 1 is obtained in the following form: We calculate the next u n s for n = 2, . . . , 5 and consider u 5 as an approximation of the exact solution. Numerical results by this approximation are summarized in Table 1 and the absolute error function |u 5 (x, t) − u(x, t)| is plotted in Fig. 1 . These results show the high accuracy of this approximation. 
Example 2
In this example we solve Eq. (1.1) with p(x, t)=−16t and D = 1. The initial and boundary conditions are as follows: 
where
By the same manipulation as in the previous example, the stationary conditions of the above correction functional can be expressed as follows:
Consider u 0 (x, t) = u(x, 0) = e −x−4 . By the recurrent formula (3.11), the terms of the sequence {u n } are constructed as follows:
2 )e −x−4 , and therefore
and therefore
The next terms of u n s can be determined in a similar way and we can construct the nth approximation of u as
and since lim n→∞ u n = e −x−4+t−8t 2 , the approximation obtained by this procedure converges to the exact solution. Now we solve Eq. (1.1) with the boundary conditions (3.9) and (3.10). By using (2.3) and (2.5), we have
In this case the following stationary conditions result in
and therefore (r) = r − x. Starting with the initial approximation u 0 (x, t) = a + bx with unknown constants a and b (with respect to the variable x) and applying (3.13), we get 
and then
Imposing the boundary conditions (3.9) and (3.10) yields
and continuing we get u n for n = 2, . . . , 5. Fig. 2 presents the absolute error function |u(x, t) − u 5 (x, t)| and Table 2 shows the numerical results obtained by this approximation.
Example 3
Consider Eq. (1.1) with p(x, t) = − The exact solution of this problem is
To apply VIM to this equation with initial condition (3.15), according to (2.3) and (2.4), we have
Such as previous examples, we can obtain the following stationary conditions:
By this formula and considering u 0 (x, t) = u(x, 0) = 1 2 x + e −x/2 , u 1 is obtained in the following form:
and therefore where
Taking variation of (3.20) with respect to the independent variable u n and making the correction functional stationary, yield the following stationary conditions:
and therefore can be identified as follows We substitute these values of a and b in u 1 and calculate the next u n s for n = 2, . . . , 5. Numerical results and error function |u(x, t) − u 5 (x, t)| are presented in Table 3 and Fig. 3 , respectively.
Conclusion
In this work, the variational iteration method has been successfully applied to time-dependent reaction-diffusion equation. This technique produces the terms of a sequence using the iteration of the correction functional which converges to the exact solution rapidly. Application of this method is easy and calculation of successive approximations is direct and straightforward. Also the variational iteration technique provides the solution of the problem without calculating Adomian's polynomials which is an important advantage over the Adomian decomposition method. Furthermore this approach unlike the mesh points schemes [35] does not provide any linear or nonlinear system of equations and reduces the volume of calculations by not requiring discretization of the variables.
